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A simultaneous blast-wave fit to particle yields and elliptic flow (v2) measured as a function of
transverse momentum in Pb–Pb collisions at energies available at the Large Hadron Collider (LHC)
is presented. A compact formula for the calculation of v2(pT) for an elliptic freeze-out surface is used
which follows from the Cooper-Frye ansatz without further assumptions. Over the full available pT
range, the Υ elliptic flow data is described by the prediction based on the fit to lighter particles. This
prediction shows that, due to the large Υ mass, a sizable elliptic flow is only expected at transverse
momenta above 10 GeV/c.
I. INTRODUCTION
Hydrodynamic models describing the space-time evo-
lution of the medium created in ultra-relativistic nucleus-
nucleus collisions explain many features of the observed
particle spectra [1–3]. The blast wave model [4, 5] is a
simple and computationally inexpensive model capable
of capturing important aspects of hydrodynamic models.
It is frequently used to extract information on the collec-
tive radial velocities and the decoupling temperature of
the medium from measured transverse momentum spec-
tra [6–9]. It provides a good description of pT spectra for
center-of-mass energies ranging from a few GeV up to
LHC energies. Blast-wave models were also used in the
past to fit elliptic flow data for various collision systems
and energies [10–12].
For pions, kaons, and protons, the blast-wave model
provides a good description of the spectra for low trans-
verse momenta (pT . 2 GeV/c). These particles are as-
sumed to originate from a thermalized source in this pT
range and the contribution from fragmenting quarks and
gluons from hard scattering processes are expected to
be small. The blast-wave model was also used to de-
scribe transverse momentum spectra of heavier particles
like J/ψ mesons and Ω baryons, where it is often assumed
that different particle species freeze-out from the fireball
at different temperatures [11, 13–15].
Measurements of spectra and elliptic flow of J/ψ and
Υ mesons are important for addressing the question to
what extent also the heavy c and b quarks thermalize in
the quark-gluon plasma and take part in the collective
expansion of the fireball [16]. J/ψ data are reproduced
by models which assume a large fraction of J/ψ mesons
to be regenerated from charm quarks in the plasma.
This happens either within the plasma evolution [17, 18]
or at the transition to the hadron gas [15]. Owing to
their large mass, b quarks might not necessarily thermal-
ize and consequently the regeneration component of Υ
mesons is expected to be smaller than for J/ψ mesons
[19]. However, the Υ(2S)/Υ(1S) ratio in Pb–Pb colli-
sions at
√
sNN = 2.76 TeV can be described in a statisti-
cal model approach [20], an observation which would nat-
urally go with a collective behavior of Υ mesons. The AL-
ICE Collaboration recently published Υ elliptic flow data
in Pb–Pb collisions at 5.02 TeV [21]. The v2 was found
to be consistent with zero over the measured pT range.
The Υ is therefore the first measured hadron species that
does not exhibit elliptic flow in Pb–Pb collisions at the
LHC. The data were found to be in agreement with trans-
port calculations in which the fraction of regenerated Υ
mesons is small [19, 22].
In this paper, we describe a simultaneous blast wave
fit to transverse momentum spectra and v2(pT) including
light (pi, K, p) and heavy particles. This serves as a
baseline model which helps to identify to what extent
heavier particles behave differently from (pi, K, p). We
focus in particular on Υ mesons. Under the assumption
that b quarks fully thermalize, one would expect that also
the Υ spectra and v2 can be described by the blast wave
model. By confronting the blast wave model predictions
with data, we study whether this extreme assumption
can be ruled out by currently available data. In order to
perform the simultaneous blast wave fit to spectra and
v2, we derive a compact and easy-to-evaluate formula for
v2(pT).
II. BLAST-WAVE MODEL WITH ELLIPTICAL
FREEZE-OUT HYPER-SURFACE
Our model closely follows the blast-wave model re-
ported in Refs. [4, 5]. Instead of an azimuthally sym-
metric freeze-out hyper-surface, however, we consider an
elliptical shape [23]. This is in line with measurements of
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FIG. 1. Illustration of the elliptical freeze-out surface in
the transverse plane assumed in this paper. The angle φs is
the azimuthal angle of the position vector pointing to a source
element relative to the reaction plane. The angle φb describes
the direction of the velocity vector of the source element. We
assume that φb is perpendicular to the freeze-out ellipse.
the freeze-out geometry through azimuthally-differential
pion femtoscopy [24, 25] and hydrodynamic models. In
our model, the flow velocity vector of a fluid cell points
in the direction perpendicular to the freeze-out ellipse.
From this, we derive formulas for pT spectra and v2(pT )
of hadron yields that follow from the Cooper-Frye freeze-
out formula [26] without further assumptions.
Assuming a certain collective flow velocity at the
space-time coordinates at which fluid cells freeze out
and form hadrons, the blast wave model describes the fi-
nal stage of the hydrodynamic evolution. The produced
hadrons are then assumed to freely stream to the detec-
tor without further interaction. Often, the contribution
of resonance decays to particle spectra is neglected. The
fit range is then chosen carefully to minimize the effect
of feed-down on the extracted fit parameters. Several
authors also included resonance decays in the blast-wave
fits [27–29]. Recently, resonance decays were even taken
into account in a fit of a state-of-the-art hydrodynamic
model to transverse momentum spectra measured at the
LHC [30].
Early on it was realized that an azimuthal modulation
of the collective radial flow velocity provides a natural
explanation for the experimentally observed azimuthal
anisotropies of particle yields relative to the reaction
plane [31]. In Ref. [31], a compact formula for the flow
coefficient v2(pT) was derived. In contrast to the blast-
wave formula for the transverse momentum spectra in
Ref. [5], a radial dependence of the collective flow veloc-
ity was not considered.
The STAR Collaboration used a generalized version of
the v2(pT) formula (“STAR formula”) of Ref. [31] to fit v2
data for identified hadrons [10, 32]. The STAR formula
provides a good description of the transverse momen-
tum dependence of v2 for various mesons and baryons
for center-of-mass energies ranging from 7.7 GeV up to
LHC energies [12, 33]. Moreover, in Ref. [33] it was shown
that the v2(pT) of deuterons is nicely described with pa-
rameters obtained from a simultaneous fit to spectra and
v2(pT) for pions, kaons, and protons. The STAR for-
mula provides a better fit to the data than the formula
of Ref. [31]. The difference with respect to the formula in
Ref. [31] is a factor [1 + 2s2 cos(2φ)] which describes the
azimuthal density of source elements. This is an addi-
tional assumption that does not directly follow from the
Cooper-Frye ansatz.
An expression for v2(pT) taking also the radial depen-
dence of the flow velocity into account was reported in
Ref. [34]. In this formula, the direction of the boost ve-
locity of a fluid cell is assumed to be parallel to the posi-
tion vector pointing to the source element. In Ref. [23],
it was pointed out that a natural generalization of the
blast-wave model for noncentral collisions is to assume
that the boost vector is perpendicular to the elliptical
subshell on which the source element is found. This is
illustrated in Fig. 1. Using this assumption, we derive a
compact formula for v2(pT) in this paper.
Following Refs. [5, 35], we assume that the velocity of
a source element in the laboratory system is given by
uµ = cosh ρ (cosh η, tanh ρ cosφb, tanh ρ sinφb, sinh η).
(1)
Here, η is the space-time rapidity in the longitudinal di-
rection and ρ is the transverse rapidity (ρ = arctanhβT)
where βT is the transverse velocity).
For the integration over the elliptical freeze-out sur-
face, we introduce the variables rˆ and φˆ so that the posi-
tion of a source element in the transverse plane is given
by
x = Rxrˆ cos φˆ, y = Ry rˆ sin φˆ, (2)
where Rx and Ry are the radii of the ellipse along the x
and y axes, respectively. An area element on the ellipse
is then given by dAT = RxRy rˆdrˆdφˆ. In our model, the
angles φb, φs, and φˆ [cf. Fig. 1 and Eq. 2] are related by
tanφb =
R2x
R2y
tanφs =
Rx
Ry
tan φˆ. (3)
The freeze-out time in the laboratory system tf =√
τf + z2 is defined by a fixed longitudinal proper time
τf . In each longitudinally moving system, freeze-out hap-
pens instantaneously, independent of the radial coordi-
nate, i.e., dτf(r)/dr ≡ 0. This is a frequently made as-
sumption when the blast-wave model is used to fit ex-
perimental data [6? –8]. The effect of using a different
freeze-out surface τf = τf(rˆ) is discussed in Appendix B.
Assuming an elliptical freeze-out hyper-surface, the in-
variant particle yield averaged over the azimuthal angle
3φp of the particle is given by
1
2pipT
dN
dpTdy
∝ mT
1∫
0
rˆdrˆ
2pi∫
0
dφˆ I0(ξp)K1(ξm), (4)
ξp ≡ ξp(rˆ, φˆ) = pT sinh ρ(rˆ, φˆ)
T
, (5)
ξm ≡ ξm(rˆ, φˆ) = mT cosh ρ(rˆ, φˆ)
T
, (6)
with I0 and K1 being modified Bessel functions. The
radial velocity profile is taken to be
ρ ≡ ρ(rˆ, φˆ) = rˆ (ρ0 + ρ2 cos(2φb)) (7)
φb ≡ φb(φˆ) = arctan
(
Rx
Ry
tan φˆ
)
+ b φˆ
pi
+
1
2
cpi (8)
where bxc denotes the greatest integer less than or equal
to x. The corresponding expression for v2(pT) is obtained
as the average of cos(2φp) over the azimuthal particle
distribution dN/dφp. The integrations over φp and the
space-time rapidity η can be done analytically, resulting
in
v2(pT) =
∫ 1
0
rˆdrˆ
∫ 2pi
0
dφˆ I2(ξp)K1(ξm) cos(2φb)∫ 1
0
rˆdrˆ
∫ 2pi
0
dφˆ I0(ξp)K1(ξm)
. (9)
The integration over rˆ and φˆ is then performed numer-
ically [36]. The functions I0, I2 in Eqs. (4) and (9) are
modified Bessel functions of the first kind and K1 is a
modified Bessel function of the second kind. Equation (9)
differs from the formula in Ref. [34] as the boost direc-
tion of a source element in our model is a function of φˆ
(or φs) and, in general, does not coincide with the direc-
tion of the position vector pointing to the source element
(φb 6= φs). More details on the derivation of these equa-
tions are given in Appendix A.
III. FEED-DOWN FROM RESONANCE
DECAYS
The blast-wave fits in this paper only take into account
primary hadrons, i.e., hadrons directly produced from the
thermal source. The experimental measurement, how-
ever, includes contributions from the decay of short-lived
hadrons. Pions are affected most by feed-down since they
are the lightest hadrons and are therefore at the end
of any decay chain. Examples for feed-down contribu-
tion to the pions are the decays η → pi+pi−pi0, ρ → pipi,
and ∆→ Npi. Feed-down contributions affect the shape
of the measured transverse momentum spectra and the
measured elliptic flow v2(pT). This makes the interpre-
tation of the fit parameters of the blast-wave fit with
only primary particles potentially difficult. We therefore
estimate a possible change of the transverse momentum
spectra and v2(pT) due to feed-down by means of a Monte
Carlo study.
a)
b)
c)
FIG. 2. (Color online) Feed-down contributions to the yield
(a) for the blast-wave parameters T = 128 MeV, ρ0 = 1.05,
ρ2 = 0.09, Rx/Ry = 0.83 and (b) for T = 109 MeV, ρ0 = 1.11,
ρ2 = 0.077, Rx/Ry = 0.83 for for pi, K, and p. Panel (c) shows
the elliptic flow for primary plus secondary particles (total)
as filled symbols for the parameters of panel (a). In addition,
the primary v2 for pions is shown as open symbols.
In our feed-down Monte Carlo simulation, we generate
primary hadrons in the rest frame of a source element
isotropically with momenta following a Boltzmann dis-
tribution for a kinetic freeze-out temperature T . The
relative abundances of different hadron species are deter-
mined by the particle number densities in a noninteract-
ing hadron gas for a vanishing chemical potential µ in
the Boltzmann approximation as given by
n ∝ gm2TchK2
(
m
Tch
)
, (10)
where g denotes the spin degeneracy and m indicates
the particle mass. K2 is a modified Bessel function of
the second kind. We use a chemical freeze-out temper-
ature of Tch = 156 MeV [20]. All hadrons implemented
in the Pythia 8 event generator [37, 38] up to a mass
of 2 GeV/c2 are considered. The velocity of a source ele-
ment is described by Eq. (1).
We uniformly distribute points described by rˆ and
4φˆ over the freeze-out ellipse and determine the trans-
verse rapidity ρ and the boost direction φb according to
Eqs. (?? and (8), respectively. The longitudinal rapidity
of a source element is drawn from a uniform distribu-
tion. The primary hadrons generated in the rest frame of
the source element are boosted to the laboratory frame.
We then use Pythia 8 to simulate the hadron decays
where particles with a mean proper decay length above
cτ = 1 mm are considered stable.
Figure 2 depicts the results of the feed-down calcula-
tions for pi, K, and p. The ratio of the primary particle
yield to the total yield (primary + secondary) is shown in
Fig. 2(a) and 2(b) for two sets of blast-wave parameters
(see caption for details). Pions exhibit the largest change
in the primary/total ratio between the two parameter
sets. In particular, the change at low pT is larger than
for the other particles. The elliptic flow for primary plus
secondary particles is shown in Fig. 2(c). The primary
v2 is shown in addition for pions. Overall the difference
between the primary and total v2(pT ) for pions, kaons,
and protons is negligible for our analysis. For pions reso-
nance contributions are expected to give rise a small re-
duction of the total pion v2(pT) at low pT (. 0.5 GeV/c)
[39]. The reduction of v2(pT) in our model is found to be
compatible with results of other calculations [40, 41].
We conclude that for v2(pT) no special feed-down cor-
rection is needed while for the particle yields, the pT de-
pendent feed-down contribution is sensitive to the partic-
ular values of the blast-wave parameters. For the studied
parameters and particles, the variation of the ratio over
the pT range up to 3 GeV/c is less than ±8% which is
not much larger than the total data uncertainties at low
pT. Considering the experimental uncertainties and the
limitations of the blast-wave approach, we decided to not
take those model based feed-down effects into account for
the current study.
IV. RESULTS
To reduce the impact of feed-down, we therefore de-
cided, based on the discussion in Section III, to exclude
the pions entirely from the fits. In addition, we varied the
fit ranges to test the stability of the results. With increas-
ing transverse momentum, jet contributions are getting
more relevant. Jets are produced in a heavy-ion collision
during the first hard scatterings of initial partons. The
resulting high-pT hadrons participate only little in the
bulk evolution of the matter. Their kinematic distribu-
tions are therefore not covered by the blast-wave model.
In order to minimize the influence of jet contributions,
we limited the pT ranges for the fit to a value p
max
T :
pmaxT = mcγ
maxβmax + 1.0 GeV/c (11)
where m is the rest mass of the particles and βmax is set
to 0.68. There is some arbitrariness in the choice of the
fit range. The change in transverse momentum due to
radial flow increases with the particle’s mass and hence
jet contributions are expected to become relevant at a
higher pT for particles with larger masses. This is taken
into account by our choice of the fit range. Moreover, we
ensure that the maximum of the d2N/dpTdy distribution
lies within the fit range.
Because of the limited availability of data, a certain
mix of centralities, collision energies, and detector accep-
tances for the identified particles had to be used. In Ta-
ble I, an overview of the used data is given. The slightly
different centralities for some particle species in ranges
30–40% (pi, p, K, φ), 30–50% (D0, J/ψ) and 20–40% (d
and Ω) have little impact on the overall results but might
be responsible for smaller deviations. For the Υ dN/dpT
spectrum, which is only available for minimum bias (0–
100%) collisions, large deviations are expected and there-
fore the spectrum is only listed and shown for reference.
The peak maximum is at about 4 GeV/c in pT which is,
as expected, compatible with a transverse flow rapidity
of about 0.5 in peripheral collisions. For the particles
used in the fit, the collision system and energy is Pb–
Pb at
√
sNN = 2.76 TeV, while for Υ
√
sNN = 5.02 TeV
data were used for v2. For the Υ, the used elliptic flow
data are expected to be an upper limit with respect to√
sNN = 2.76 TeV. Due to the general assumption of
a boost-invariant scenario, no large differences are ex-
pected from the different rapidity acceptances as listed
in Table I. For the data points, statistical and system-
atic uncertainties were added in quadrature. All particle
spectra were normalized to their integral within the data
range.
To test some of the assumptions made, we varied the
mix of particles used in the fit and their pT fit ranges.
The results are listed in Table II. For most of the varia-
tions, the fit parameters changed only in the order of the
fit error bars. The biggest impact on the temperature
and the radial flow rapidity occurs when the pions are
included, even if their fit range was limited to the narrow
window of 0.4 < pT < 1.1 GeV/c. As discussed in Sec-
tion III, the pion spectra are affected most by feed-down
contributions, while their statistical power is dominating
the simultaneous fit. For that reason, we excluded them
from the fit.
Figure 3 depicts the correlation ellipses for T versus
ρ0 and ρ2 versus Rx/Ry for the standard fit as shown in
Fig. 4. A clear anti-correlation between the temperature
and the radial expansion rapidity is visible, while ρs and
Rx/Ry do not show a significant correlation. The latter
is somehow unexpected since both parameters generate
v2. A comparison to the blast-wave results from [7] with
a different fit function, using only pi, K, and p dN/dpT
data, is also listed in Tab. II. The temperature is with
107.5 MeV almost identical to that with 106 MeV from [7]
while the transverse surface velocity βs deviates by about
10%.
For the standard fit, the line shapes for particle yields
and elliptic flow data are depicted in Fig. 4. Solid lines
indicate the particles and pT ranges used for the simulta-
neous fit. Dashed lines are predictions by the model with
5a) b)
FIG. 3. (Color online) Correlation ellipses for (a) ρ0 vs. T and (b) Rx/Ry vs ρ2 for the confidence levels 0.683 (1σ contour)
and 0.8.
TABLE I. Used elliptic flow (v2) and dN/dpT data. The upper fit range is according to Eq. 11.
pi K p φ Ω D0 d J/ψ Υ
v2 reference [42] [42] [42] [42] [42] [43] [33] [44] [21]√
sNN (TeV) 2.76 2.76 2.76 2.76 2.76 2.76 2.76 2.76 5.02
Centrality (%) 30-40 30-40 30-40 30-40 30-40 30-50 30-40 20-40 5-60
Acceptance |y| < 0.5 |y| < 0.5 |y| < 0.5 |y| < 0.5 |y| < 0.5 |y| < 0.5 |y| < 0.5 2.5 < y < 4 2.5 < y < 4
dN/dpT reference [45] [45] [45] [46] [47] [48] [33, 49] [50]√
sNN (TeV) 2.76 2.76 2.76 2.76 2.76 2.76 2.76 2.76
Centrality (%) 30-40 30-40 30-40 30-40 20-40 30-50 20-40 0-100
Acceptance |η| < 0.8 |η| < 0.8 |η| < 0.8 |y| < 0.5 |y| < 0.5 |y| < 0.5 |y| < 0.5 |y| < 2.4
pT fit range (GeV/c) [0.4,1.1] [0.2,1.5] [0.2,1.9] [0.5,1.9] [1.1,2.6] [0.9,2.7] [0.5,2.7] [0.2,3.9] [0.1,9.8]
the particles mass being the only free parameter left. For
the reasons pointed out in Section IV, a perfect descrip-
tion of the data cannot be expected. Nonetheless, most
of the fitted data points for v2(pT) have a less than 1σ
deviation from the fit. For the dN/dpT spectra, the de-
viations are slightly bigger, but those are expected due
to the feed-down contributions. A similar situation ap-
pears for the predicted distributions. In the pT range
lower than the drop in v2, which is most likely due to jet
contributions, the data points in v2(pT) and dN/dpT are
mostly within 1σ of the prediction. The exception are the
pions which show a constant offset by about 100 MeV in
pT or 0.015 in v2, respectively. Including the pions in the
fit reduces the pion χ2/point in v2 from 18.5 to 3.8 but
at the same time the description of the other particles
gets slightly worse. Advanced feed-down calculations are
needed to study those effects in detail.
The prediction for the Υ and its perfect agreement with
the recent ALICE data is remarkable because it shows
that no deviation from zero in v2 is expected in the blast-
wave model within the current kinematic reach of the
data. At higher transverse momenta above 9 GeV/c, an
increasing elliptic flow is expected, following the system-
atics of the mass ordering of v2(pT) observed for lighter
particles [51, 52]. The late rise in pT of the Υ v2 is mainly
a kinematic effect due to its large mass of 9.46 GeV.
V. SUMMARY AND CONCLUSIONS
A simultaneous blast-wave fit to elliptic flow data
and particle yields at LHC energies for various particles
species was presented. A compact formula for v2(pT) for
an elliptical freeze-out hyper-surface was derived in this
paper and used in the fit. Studies on feed-down from res-
onance decays showed that their effect on v2(pT) is small.
Moreover, the effect of variations of the pT fit ranges and
the composition of particles included in the fit on the fit
parameters were studies. Stable fit results were achieved
by excluding the pions and using only K, p, φ and Ω.
The predicted elliptic flow distributions for heavy par-
ticles like the D0, J/ψ, and Υ are in good agreement
with the recent data from the ALICE Collaboration. Es-
pecially the result of the Υ v2 shows that within the cur-
rent kinematic reach no significant deviation from zero is
expected in the blast-wave model.
To address the question of to what extent also b quarks
thermalize one needs to consider both the pT spectra and
the elliptic flow of Υ mesons. Υ pT spectra are currently
available only for the 0–100% centrality class and it is
6FIG. 4. (Color online) Upper: Result of the simultaneous blast-wave fit and corresponding predictions for identified particle
v2 data. Gray lines represent extrapolations outside the fitted pT range. Lower: Corresponding results for the normalized
identified particle spectra. Only the pT ranges depicted by red-solid lines are used for the simultaneous fit. The used centrality
ranges for v2 are listed in Tab. I.
7TABLE II. Blast-wave fit results.
PID Comment T (MeV) ρ0 ρ2 Rx/Ry
ALICE fit range [7]
pi,K,p dN/dpT only 107.5± 2.2 1.13± 0.03 0.41± 0.03 0.43± 0.04
pi,K,p dN/dpT + v2 107.5± 2.2 1.13± 0.01 0.076± 0.002 0.83± 0.003
Fit range based on Eqn. 11 - standard fit
K,p,φ,Ω βmax = 0.68 128.4± 5.1 1.05± 0.01 0.09± 0.004 0.83± 0.004
Fit range based on Eqn. 11 - variations
K,p,φ,Ω βmax = 0.75 131.2± 4.7 1.05± 0.01 0.093± 0.004 0.83± 0.004
K,p,φ,Ω βmax = 0.55 121.0± 6.5 1.07± 0.02 0.089± 0.006 0.84± 0.004
K,p,φ,Ω,d βmax = 0.68 134.1± 3.1 1.04± 0.01 0.093± 0.004 0.83± 0.003
K,p,φ,Ω,D0 βmax = 0.68 128.7± 5.2 1.05± 0.01 0.09± 0.005 0.83± 0.004
K,p,φ,Ω,pi βmax = 0.68 109.3± 2.2 1.11± 0.01 0.077± 0.002 0.83± 0.003
hard to judge whether these spectra agree with a blast-
wave model prediction or not. With the current Υ v2
data alone one cannot rule out a scenario in which also
b quarks thermalize and the Υ mesons follow the v2(pT)
mass ordering of lighter particles resulting from a collec-
tive expansion of the medium.
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Appendix A: Cooper-Frye ansatz for an elliptical
freeze-out hyper-surface
Equations (4) and (9) used for simultaneously fit-
ting particle spectra and v2 follow from the Cooper-
Frye freeze-out formula [26]. In our model the freeze-
out hyper-surface is an elliptical cylinder along the beam
direction which can be parameterized by
Σµf (rˆ, φˆ) = (tf(rˆ, z), rˆRx cos φˆ, rˆRy sin φˆ, z) (A1)
where Rx and Ry are the radii of the freeze-out ellipse
in the transverse plane in the x and y directions, respec-
tively, and tf(rˆ, z) is the freeze-out time in the laboratory
system. As outlined, e.g., in Refs. [4, 5, 53, 54] the nor-
mal vector to the surface is then given by
dΣµ = µνλρ
∂Σν
∂rˆ
∂Σλ
∂φˆ
∂Σρ
∂z
drˆ dφˆdz (A2)
=
(
1,− 1
Rx
∂Σ0
∂rˆ
cos φˆ,− 1
Ry
∂Σ0
∂rˆ
sin φˆ,−∂Σ
0
∂z
)
RxRy rˆdrˆ dφˆdz.
The freeze-out time in the laboratory system is taken to
be tf =
√
τf(rˆ)2 + z2 where τf(rˆ) is the freeze-out time in
a system moving along the beam direction. Moreover, we
assume instantaneous radial freeze-out, i.e., τf(rˆ) ≡ τf .
Using z = τf sinh η, and tf = τf cosh η, where η is the
space-time rapidity, one obtains ∂Σ0/∂z = tanh η and
Eq. (A3) simplifies to
dΣµ = (cosh η, 0, 0, sinh η) τfRxRy rˆdrˆ dφˆdη. (A3)
With
pµ = (mT cosh y, pT cosφp, pT sinφp,mT sinh y) (A4)
one then obtains
pµ dΣµ = τfmT (cosh η cosh y − sinh y sinh η) (A5)
RxRy rˆ drˆ dφˆ dη.
With Eq. (1), the product pµuµ used in the Cooper-Frye
formula takes the form
pµuµ = mT cosh(y − η) cosh ρ− pT cos(φb − φp) sinh ρ
(A6)
where the boost velocity φb of the source element is given
by Eq. (8). Analytic integration over the azimuthal angle
φp of the particle and the space-time rapidity η then
yields Eqs. (4) and (9).
Appendix B: Variation of the freeze-out
hyper-surface
In this paper and in many applications of the blast-
wave model, an instantaneous freeze-out in the radial
direction is assumed. Here we study the more general
case τf = τf(rˆ). Formulas which generalize Eq. (4) for
the invariant yield and Eq. (9) for the elliptic flow can
still be derived in this case, although the expressions be-
come much longer. In Ref. [55] blast-wave model pre-
dictions for different freeze-out surfaces were compared
to transverse momentum spectra and Hanbury Brown-
Twiss radii measured at the LHC. Following this ap-
proach we consider the following freeze-out surfaces:
τf(rˆ) = τf0(1 + arˆ) (B1)
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FIG. 5. Elliptic flow v2 for different freeze-out surfaces for
the blast-wave parameters of the standard fit in Table II. In
all three cases the model calculation agrees with the ALICE
measurement.
with a = 0, 0.5, and −0.5. The effect of the different
freeze-out surfaces is illustrated in Fig. 5 for the case of
the elliptic flow of the Υ meson. For lighter particles,
the change of the freeze-out surfaces was found to have a
smaller effect on the elliptic flow. We conclude that the
calculations for all three freeze-out surfaces are consistent
with the ALICE measurement.
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